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simple random walk $S_{n}$ Monte Carlo
1127 2000 67-79 67
Rademacher
$\{r_{n}\}$
$r_{1}(\omega):=1_{[0,1/2})(\omega)-1_{[/}12,1)(\omega)$ and $r_{i}(\omega):=r_{1}(2^{i-1}\omega)$ , $(i\geq 2)$ .
$\{r_{n}\}$ Lebesgue
$([0,1),$ $d\omega)$ $\pm 1$ i.i.d.
$S_{n}=r_{1}+\cdots+r_{n}$ Lebesgue











$\{X_{n}^{(m,\alpha)}(\omega)=S_{m}(\omega+(n-1)\alpha)/\sqrt{m}\}_{n\in \mathrm{z}}$ gaussian i.i.d.
$\alpha$ order








$(x_{n}^{(m,\alpha)}, \ldots, X^{(m,\alpha)D})n+k-1-N(0, I_{k})$ as $marrow\infty$ . (vanish)


















$\omega$ $\{\theta^{n}\omega\}n\in \mathrm{N}$ mod 1 torus $-$.
1 Riemann
$\frac{1}{m}\sum_{j=1}^{m}f(\theta^{j-1}\omega)arrow\int_{0}^{1}f(X)dx$ $\mathrm{a}.\mathrm{s}$ . (LLN)
$\theta=2,3,$ $\ldots$ Raikov [Raik 36] (LLN)
1 Lebesgue
Riesz [Ries 45] Ergode – $-$




$\mathrm{E}\mathrm{r}\mathrm{d}\acute{\acute{\mathrm{o}}}\mathrm{s}\underline{\lceil}\mathrm{E}\mathrm{r}\mathrm{d}49$ ], Izumi [Izu 51]
$L^{2}$ (LLN) Bourgain [Bour 90]
$\theta$ Rio [Rio ??] $f\in L^{1}$
$\mathrm{a}.\mathrm{e}$ . $\theta$ (LLN) almost sure version of LLN





– torus Fan [Fan 95]
Lesigne [Les 98]
2. Riesz-Raikov










Takahashi [Tak 62] $\theta$ $\mathrm{R}$
(CLT) $\sigma^{2}=Ef^{2}$ .
Berkes [Berk $76\mathrm{a}$], [Berk $76\mathrm{b}$ ] Lebesgue (CLT)
$\theta>1$ $\sigma^{2}$
Kaufman [Kauf 80] $\theta$
$\theta>1$ (CLT) $\sigma^{2}=Ef^{2}$
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Petit [Pet 92] $\theta$ $\theta^{r}\in \mathrm{Q}$ $r\in \mathrm{N}$
$\theta^{r}=a/b(a, b\in \mathrm{N})$ (CLT)
$\sigma^{2}=Ef2+2\sum_{n=1}^{\infty}Ef(a^{n}\cdot)f(bn. )$
Fukuyama [Fuk $94\mathrm{a}$] $\theta$ (CLT) $\sigma^{2}=$
$Ef^{2}$
H\"older
$\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{i}- \mathrm{c}\mathrm{a}\mathrm{m}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{o}-\mathrm{c}_{\mathrm{a}}\mathrm{p}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{c}\mathrm{C}\mathrm{i}\mathrm{a}$ [CCC 85]





















Baker $\tau\in \mathrm{N}$ $q_{1},\ldots,$ $q_{\mathcal{T}}$





Nair [Nai 90] Lebesgue
$\tau=1$ 1 Raikov
Philipp [Phi 94] $f=\cos$
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5. Riesz-Raikov non-conventional average
non-conventional average Riesz-Raikov $0$
$\mathrm{E}\mathrm{r}\mathrm{d}\acute{\acute{\mathrm{o}}}\mathrm{s}$-Tur\’an $\mathrm{E}\mathrm{r}\mathrm{d}_{\acute{\acute{\mathrm{O}}}\mathrm{S}}$-Tur\’an
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